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PDB Id #Site #Vertex Vertices Hit ratio Filtering

7P3W 37149 253431 248.58 5.84 0.13
4V8W 123082 838101 303.32 18.42 0.19
7LER 158430 1077978 429.56 23.1 0.3
6RXU 211834 1450141 1418.74 33.01 0.24
4V6X 237685 1646763 1720.43 37.53 0.24

Table 3. Performance of the cavity enhancement procedure. Vertices section

includes computation of the complete diagram and compaction of vertices

while Hit Ratio section includes the complete tracing of all vertices. All stage

times are given in milliseconds.

7 LIMITATIONS AND FUTURE WORKS

Our pipeline targets standard applications of Apollonius diagrams
and is planned to be more �exible than previous methods. However,
several properties could be improved.

First, despite our light data structure (Section 4.2), speci�c cases
could lead to complex geometry, causing potential GPU memory
over�ow. To address this issue, a CPU fallback is commonly consid-
ered [Basselin et al. 2021; Ray et al. 2019].

Second, even if our method allows a comprehensive construction
thanks to our construction method (Section 4.4), it does not include
exact predicates and relies on perturbations to ensure general po-
sition. Investigation for robust predicates on GPU could address
various needs for combinatorial information of Apollonius diagrams.

Third, the elliptic edges validation rely on their bounding sphere
to avoid analyzing per-edge set of vertices. Even if this coarse ap-
proximation allows fast tests, more precise bounding volumes could
represent a possible improvement in terms of performance.

Fourth, numerical errors may be observed during the validation
of very large bounding spheres. To ensure the termination of the
algorithm, we �xed the maximum number of validation steps to 10
in our implementation. More precise restriction of the diagram and
more robust predicate could allow a better handling of these cases.
Fifth, we selected several parameters for the allocation of the

data structure allowing to fully handle our test dataset. However, it
can lead to unoptimal settings. An automatic computation of these
parameters could improve the compatibility of our method.

Finally, our method features faster computation compared to pre-
vious works. Further progress could, however, be made by targeting
dedicated GPU optimizations of the meshless framework. A better
distribution of the workload can notably help to uniformize the
processing, while a reduction of register and shared memory usage
could allow more warps to run in parallel. Such optimizations could
especially bene�t to the processing of heterogeneous distributions.

8 CONCLUSION

We present a comprehensive computation method of the Apollonius
diagram in R3 adapted to the GPU. Thanks to a dedicated compu-
tation pipeline, our strategy allows to handle both homogeneous
and heterogeneous spatial distributions of sites. We show that it
outperforms the fastest state-of-the-art method while allowing a
complete construction of the cells. This addresses a signi�cant need

in various application �elds for the systematic construction of Apol-
lonius cells. As an example, we demonstrate its usability for the
illustration of molecular systems.
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Name #Site Voronota (ms) Ours (ms) Speedup

BALL_1_1_10000 10000 132.95 16.72 7.95 x
BALL_1_1_20000 20000 275.44 31.22 8.82 x
BALL_1_1_30000 30000 365.12 45.65 8.00 x
BALL_1_1_40000 40000 595.72 60.28 9.88 x
BALL_1_1_50000 50000 648.16 74.64 8.68 x
BALL_1_1_60000 60000 819.59 89.55 9.15 x
BALL_1_1_70000 70000 989.60 104.43 9.48 x
BALL_1_1_80000 80000 1194.53 118.27 10.10 x
BALL_1_1_90000 90000 1184.07 132.32 8.95 x
BALL_1_1_100000 100000 1347.72 147.13 9.16 x
BALL_1_2_10000 10000 178.49 67.47 2.65 x
BALL_1_2_20000 20000 396.58 191.85 2.07 x
BALL_1_2_30000 30000 548.95 221.52 2.48 x
BALL_1_2_40000 40000 870.26 322.65 2.70 x
BALL_1_2_50000 50000 973.19 487.62 2.00 x
BALL_1_2_60000 60000 1292.13 428.48 3.02 x
BALL_1_2_70000 70000 1542.65 557.39 2.77 x
BALL_1_2_80000 80000 1873.27 568.06 3.30 x
BALL_1_2_90000 90000 1811.82 658.68 2.75 x
BALL_1_2_100000 100000 2130.34 844.65 2.52 x
BALL_1_5_10000 10000 392.60 133.79 2.93 x
BALL_1_5_20000 20000 994.66 345.37 2.88 x
BALL_1_5_30000 30000 1609.12 468.82 3.43 x
BALL_1_5_40000 40000 2320.87 609.64 3.81 x
BALL_1_5_50000 50000 2960.44 962.32 3.08 x
BALL_1_5_60000 60000 3598.05 1296.68 2.77 x
BALL_1_5_70000 70000 4611.46 1516.61 3.04 x
BALL_1_5_80000 80000 5898.28 2083.70 2.83 x
BALL_1_5_90000 90000 5903.36 2285.13 2.58 x
BALL_1_5_100000 100000 7039.21 2591.04 2.72 x
BALL_1_10_10000 10000 759.97 144.96 5.24 x
BALL_1_10_20000 20000 2177.13 366.47 5.94 x
BALL_1_10_30000 30000 3372.43 622.71 5.42 x
BALL_1_10_40000 40000 5090.46 952.52 5.34 x
BALL_1_10_50000 50000 7449.66 1378.77 5.40 x
BALL_1_10_60000 60000 8949.87 2131.36 4.20 x
BALL_1_10_70000 70000 11060.81 2295.69 4.82 x
BALL_1_10_80000 80000 13436.33 2854.91 4.71 x
BALL_1_10_90000 90000 16038.38 3678.57 4.36 x
BALL_1_10_100000 100000 19519.90 4119.86 4.74 x
Ext_I_Congruent_300 300 18.65 10.60 1.76 x
Ext_II_Polysized_300 300 10.60 12.69 0.83 x

Name #Site Voronota (ms) Ours (ms) Speedup

BALL_SMALL_1000 1000 27.78 10.09 2.75 x
BALL_SMALL_2000 2000 58.95 19.13 3.08 x
BALL_SMALL_3000 3000 108.73 28.73 3.78 x
BALL_SMALL_4000 4000 181.82 53.08 3.43 x
BALL_SMALL_5000 5000 229.25 47.56 4.82 x
BALL_SMALL_6000 6000 303.46 76.49 3.97 x
BALL_SMALL_7000 7000 396.37 85.83 4.62 x
BALL_SMALL_8000 8000 498.33 99.33 5.02 x
BALL_SMALL_9000 9000 590.85 124.93 4.73 x
BALL_SMALL_10000 10000 767.61 145.36 5.28 x
BALL_SMALL_11000 11000 843.84 169.20 4.99 x
BALL_SMALL_12000 12000 1054.06 180.95 5.83 x
BALL_SMALL_13000 13000 1172.59 212.43 5.52 x
BALL_SMALL_14000 14000 1317.50 271.90 4.85 x
BALL_SMALL_15000 15000 1546.33 239.55 6.46 x
BALL_SMALL_16000 16000 1754.37 244.63 7.17 x
BALL_SMALL_17000 17000 1873.64 252.29 7.43 x
BALL_SMALL_18000 18000 2102.28 312.85 6.72 x
BALL_SMALL_19000 19000 2310.31 325.94 7.09 x
BALL_SMALL_20000 20000 2160.31 366.06 5.90 x
BALL_SMALL_21000 21000 2478.50 399.71 6.20 x
BALL_SMALL_22000 22000 2398.47 438.21 5.47 x
BALL_SMALL_23000 23000 2670.94 505.26 5.29 x
BALL_SMALL_24000 24000 3054.86 520.94 5.86 x
BALL_SMALL_25000 25000 3187.04 466.87 6.83 x
BALL_SMALL_26000 26000 3372.50 527.42 6.39 x
BALL_SMALL_27000 27000 3327.13 611.58 5.44 x
BALL_SMALL_28000 28000 3509.32 593.65 5.91 x
BALL_SMALL_29000 29000 3732.42 672.92 5.55 x
BALL_SMALL_30000 30000 3376.36 621.96 5.43 x
ANO1_0CONNECT 7 7.97 1.09 7.31 x
ANO2_0CONNECT 8 0.03 1.14 0.03 x
ANO3_3CONNECT 9 0.03 1.17 0.02 x
ANO4_4CONNECT 8 0.02 1.15 0.02 x

Vis_I_10 10 0.05 1.14 0.04 x
Vis_II_5 9 0.04 1.14 0.03 x
Vis_III_5 9 0.04 1.19 0.03 x
Vis_IV_60 60 0.75 2.06 0.36 x
Vis_V_20 20 0.09 1.50 0.06 x
Vis_VI_6 6 1.58 1.05 1.49 x
Vis_VII_20 20 1.74 1.73 1.01 x

Table 4. Benchmarks of our method compared to Voronota [Olechnovič and Venclovas 2014] on the robustness dataset [Song et al. 2022]. The set of proteins

provided in the dataset has been omi�ed in favor of the larger one presented in this paper. Performances are evaluated similarly to Table 2.
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A VALID PREDICATE IMPLEMENTATION

The implementation of our predicate requires two geometric infor-
mation: vertex points and closed elliptic edge boundaries.

As shown byAurenhammer [Aurenhammer 1987] and by Boisson-
nat and Karavelas [Boissonnat and Karavelas 2003], an Apollonius
cell in R3 of a site B8 = (?8 , A8 ) can be seen as the projection on
R
3 × {∅} of the intersection between the cone Γ8 of axis G3+1 and

the Power cell of the site B̃8 = (B8 ,
√
2A8 ). Γ8 is then given by

Γ8 B

{
G̃ = (G, G3+1) ∈ R3+1 | G3+1 + A8 = | |G − ?8 | |

}
, (3)

while Power bisectors Π2

8 9 of the cell P(B̃8 ) are characterized by

Π
2

8 9 B

{
G̃ = (G, G3+1) ∈ R3+1 | G̃ · =̃ + 28 9 = 0

}
,

with =̃ = B 9 − B8 and 28 9 =
1

2
( | |?8 | |2 − A28 − ||? 9 | |2 + A29 ). These results

allow characterizing Apollonius diagrams components.
Let G̃ = (G1, G2, G3, G4) ∈ R4 and the four weighted sites B8 , B 9 ,

B: and B; . The Apollonius vertex E8 9:; is given by the intersection

between the hyperplanes Π2

8 9 , Π
2

8:
and Π

2

8;
with Γ8 . The intersection

Π
2

8 9 ∩ Π
2

8:
∩ Π

2

8;
must then satisfy



G1=8 9,1 + G2=8 9,2 + G3=8 9,3 + G4=8 9,4 + 28 9 = 0

G1=8:,1 + G2=8:,2 + G3=8:,3 + G4=8:,4 + 28: = 0

G1=8;,1 + G2=8;,2 + G3=8;,3 + G4=8;,4 + 28; = 0

These equations can be expressed as a matrix resulting in

©
«
G2
G3
G4

ª®
¬
= −�−1 ©

«
=8 9,1
=8:,1
=8;,1

ª®
¬
G1 −�−1 ©

«
28 9
28:
28;

ª®
¬

⇔ ©«
G2
G3
G4

ª®¬
= #G1 + 1.

Changing the coordinates to G̃ ′ = (G − ?8 , G4 + A8 ) results in

©
«
G ′
2

G ′
3

G ′
4

ª®
¬
= #G ′

1
+ 4 with 4 =

©
«
41
42
43

ª®
¬
=

©
«
#1?8,1 + 11 − ?8,2
#2?8,1 + 12 − ?8,3
#3?8,1 + 13 + A8

ª®
¬
.

Finally, this expression can be inserted in the equation of Γ8 (3)

G ′2
1
+ (#1G

′
1
+ 41)2 + (#2G

′
1
+ 42)2 = (#3G

′
1
+ 43)2

⇔ G ′2
1
� + 2"G ′

1
= 42

3
− 42

1
− 42

2
,

with � = 1 + # 2

1
+ # 2

2
− # 2

3
and " = #141 + #242 − #343. The

resulting quadratic expression has none to two solutions.
As noticed by Medvedev et al., the minimum and maximum of

an Apollonius edge 48 9: are given by the intersection of 48 9: and
the plane passing through the points ?8 , ? 9 and ?: [Medvedev et al.
2006]. Similarly to vertex points, they can be obtained by solving{

G̃ · =̃8 9 + 28 9 = G̃ · =̃8: + 28: = G̃ · =̃8 9: + 28 9: = 0

| |G − ?8 | | = G3+1 + A8 ,
with

=̃8 9: =

( (? 9 − ?8 ) × (?: − ?8 )
| | (? 9 − ?8 ) × (?: − ?8 ) | |

, 0

))
and 28 9: = −(=8 9: · ?8 ).

Since the resulting equations give only one point if the edge is open
and two points otherwise, we can also rely on the number of its
valid solutions to assert the type of the edge.

ACM Trans. Graph., Vol. 44, No. 4, Article . Publication date: August 2025.

https://doi.org/10.1080/13658816.2012.655742
https://doi.org/10.1016/j.cag.2022.05.017
https://images.nvidia.com/aem-dam/en-zz/Solutions/technologies/NVIDIA-ADA-GPU-PROVIZ-Architecture-Whitepaper_1.1.pdf
https://images.nvidia.com/aem-dam/en-zz/Solutions/technologies/NVIDIA-ADA-GPU-PROVIZ-Architecture-Whitepaper_1.1.pdf
https://doi.org/10.1093/bioinformatics/btq720
https://doi.org/10.1093/bioinformatics/btq720
https://doi.org/10.1002/jcc.23538
https://doi.org/10.1002/nme.5947
https://doi.org/10.1145/3272127.3275092
https://doi.org/10.1145/3272127.3275092
https://doi.org/10.1145/1111411.1111431
https://doi.org/10.1145/1111411.1111431
https://doi.org/10.1063/1.3215722
https://doi.org/10.1063/1.3215722
https://doi.org/10.1111/cgf.13247
https://doi.org/10.1111/cgf.13247
https://doi.org/10.1007/s10707-007-0034-z
https://doi.org/10.1007/s10707-007-0034-z
https://doi.org/10.1099/jgv.0.001730
https://doi.org/10.1016/j.dib.2022.108605
https://doi.org/10.1016/j.dib.2022.108605
https://doc.cgal.org/5.6/Manual/packages.html
https://doi.org/10.1111/cgf.14125
https://doi.org/10.1093/comjnl/24.2.167
https://doi.org/10.1093/comjnl/24.2.167
https://doi.org/10.1145/1899950.1899958
https://doi.org/10.3929/ETHZ-A-00384556210.3929/ethz-a-006652878
https://doi.org/10.3929/ETHZ-A-00384556210.3929/ethz-a-006652878
https://doi.org/10.1002/prot.22052
https://doi.org/10.1002/prot.22052
https://doi.org/10.1007/978-3-7091-6453-2_5

	Abstract
	1 Introduction
	2 Background
	3 Previous Works
	4 Apollonius Diagrams Construction
	4.1 Overview
	4.2 Data structure
	4.3 Initialization
	4.4 Topology update
	4.5 Spatial exploration
	4.6 Implementation details and GPU optimizations

	5 Experiments
	5.1 Performance
	5.2 Validation

	6 Applications to Molecular Graphics
	7 Limitations and Future Works
	8 Conclusion
	Acknowledgments
	References
	A Valid predicate implementation

